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Excited States of Weakly Bound Bosonic Clusters: Discrete Variable Representation and
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We compare two approaches for the accurate calculation of the energy levels of weakly bound boson trimers.
The first approach is based on correlation function Monte Carlo employing optimized trial functions, while
the second approach is based on the discrete variable representation. A trimer with atoms of half the mass of
neon is used as a test problem for benchmark calculations. The two approaches yield identical results, within
error bars, for all the]l = 0 energy levels below the dissociation threshold. The relative merits of the two
techniques are discussed, and a perspective is given for extension to larger clusters.

I. Introduction guantization of energy levels. In addition, the trial wave
functions have many variational parameters to describe the

The study of weakly bound van der Waals clusters is of great correlations in regions in which the cluster is to be found with

current interest. For instance, recent experiments on dOpedhigh probability.

helium clusters have raised fundamental questions regardin .
. g g We note that early comparison of the CFMC method to DVR

superfluidity in finite-size systemi< For triatomic clusters, the ¢ ble d bl in D
accurate calculation of bound states near and above the'Vas unfavorable due to convergence problems in DvRecent

isomerization threshold, and up to the dissociation threshold is work on Q?CRand ellrgon trlmé?sslrowed that CFMC ang.
a current challenge, as is finding an answer to the question howCCNVErge results are in excellent agreement. One objec-

many excited states smalHe clusters have. The latter is Uve Of the present work is to compare the DVR and CFMC

important for the interpretation of diffraction experiments on 2PProaches for the more weakly bound “half-neon” trimer.
small4He clusters. These are just a few examples to illustrate 1S System will have a higher zero-point energy than the
the importance of the development of approaches for such prgwously studied neon trimer and is expected to provide a more
calculations. stringent test of the performance of the DVR and CFMC
A standard method is the use of a product-type basis setteéchniques. The present excned-stat(_e results glso c_omple_ment
representation to obtain essentially exact solutions to the & recent study that addressed the issue of interdimensional
Schradinger equatiods The solution of the eigenvalue problem ~degeneracies for the ground state of the half-neon trifhife
can be achieved using iterative procedures such as the Lanczo&ISO Stress that we present for the first time, a comparison of
recursion techniqueis.The discrete variable representation the DVR and CFMC methods fall the J = 0 bound states

(DVR) pioneered by Light and co-workér8 has been used below the dissociation threshold. We therefore consider the

successfully in this context. present comparison more complete than the previousne.
Another very promising method relies the use of many-  The rest of this paper is organized as follows: in section Il

parameter trial functions which are optimized by means of We présent the two approaches used to obtained bosonic trimer

Monte Carlo (MC) methods. The residual variational bias is Pound states and show and discuss resullts for the so-called “half-

subsequently reduced by a correlation function Monte Carlo Neon” system; we conclude the paper and provide a perspective

(CFMC) projection approachi® More explicitly, the optimiza- I section Iil.

tion yields a highly correlated, compact basis set for which

overlap and Hamiltonian matrix elements are obtained by meansl!- Theory and Numerical Results

of a quantum Monte Carlo imaginary-time projection method The “half-neon” trimer is used a benchmark system. More

which generates results for a sequence of projection times. This |

. T . A > specifically, we use a dimensionless Hamiltonian with pair
is followed by expllcn diagonalization to obtain the desired interactions of the Lennard-Jones fonmi2 — 2r-6, wherer is
bound-state energies of the cluster.

. o . . the distance between two particles. One parameter, the reciprocal
A more detailed description of the trial states has been given, b P P

in refs 10. 11 and 19. F let tion h massu 1, is required. This reciprocal mass is related to the
€.g., Inrets 1U, 1., an - ~Or completeness we mention erephysical particle mass, and Lennard-Jones core radigisand
that the trial functions have parts that impose short- and long-

; iany—l — k2 2
range boundary conditions; without these, there would be no ‘%‘1‘ ?:g;?g’cgr?nﬁgtgﬁ,g:g ;Vg:)%,f?lsagg&%l _ Oholﬂllasegy

T Part of the special issue “John C. Liaht Festschrift’ definition. The parameter, the square of the de Boer parameter
* cOrrespondirr:g author. E-mail: ph.ro%/@uamerta_ca'_ (apart fr_om a numerical _factor),_is prop_ortiongl to the zero-point
*E-mail: nightingale@phys.uri.edu. energy in a spacial region of linear dimensiorexpressed in
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TABLE 1: Half-Neon Trimer Bound State Energies
Obtained by the CFMC and DVR Methods

‘ DVR
k CFMC Imax = 3 Imax=5 I'max = 6
4
I 0 —1.308624 —1.308624 —1.308624 —1.308624
fesma 12 —-0.88032  —0.88032  —0.88032  —0.88032
2 —0.75941 —0.75940 —0.75940 —0.75940
3 —0.56716 —0.56716 —0.56716 —0.56716
(a) (b) 4 —0.48046 —0.48038 —0.48054 —0.48054
Figure 1. Schematic representation of the Pekeris coordinatgs, aThe statistical error of the CFMC results is estimated to be a few

rs), used in the DVR calculations. The centers of the circle correspond units in the last digit. DVR results for three grid Siz€gax = 3, Fmax

to the positions of the atoms. There exists a unique way to draw three = 5, andrn.x = 6, are presented. The zero-point energy of the half
mutually tangent circles, the radii of which define the Pekeris neon dimer (dissociation threshold) &, = — 0.427588" Linear
coordinates. (a) When two of the coordinates are equak r, here, configurations become significant far> 1.

the trimer is in an isosceles configuration. (b) When one coordinate is
nearly zeroy; is small here, the configuration of the cluster is nearly

linear agreement between the CFMC and DVR results is excellent.

The results are in fact identical for all the digits reported except

units of the well deptle. This parameter is therefore composed for statesk = 2 (0.0013% difference) anét = 4 (0.017%
of all the factors affecting the floppiness of the system. Using difference). These small differences may be explained in terms
the half-neon value faqu is equivalent to an hypothetical isotopic ~ of statistical errors, but we should note that it can be quite
substitution. This lower reduced mass will yield a smaller difficult to disentangle these stochastic errors from the system-
number of bound states closer in energy to the continuum of atic bias due to a finite projection time. In the absence of
scattering states and with greater delocalization (vide infra). All statistical errors the CFMC results would be strict upper bounds
of these factors contribute to a significant increase of the to the exact energies. The difference between two calculations
computational challenge posed by systems of decreased reducet$ the largest for statk = 4. This is the state with the highest
mass. energy below the dissociation threshold. Nevertheless, the

An important quantity is the dissociation threshold of the CFMC result for statek = 4 is, as expected based on the
cluster. For a trimer, this threshold is defined as the zero-point variational principle, higher than the exact DVR result. We
energy (ground state) of the dimdi,o, where the subscript 2  expect that a longer projection time, which requires a longer
denotes the two-body nature of the dimer, and the secondMonte Carlo run, or improved trial functions will remove the
subscript, 0, denotes the ground state. For the “half-neon” dimer, variational bias and the apparent discrepancy.

Exo = — 0.427588. We should mention in this context that for the CFMC results
The two theoretical approaches used in the present work areit can be quite difficult to decide whether the variational bias
the MC optimization-CFMC method (CFMC for short) and the has been reduced to below the statisitical error. This is a
Pekeris coordinates DVR method. The CFMC implementation consequence of the fact that the statistical errors as a function
used here is the one described in refs 10 and 11 employingof projection time are correlated, which leads to curves that
slightly different guiding functions. appear smoother than they would be for uncorrelated errors. In

The Pekeris coordinates DVR approach of ref 12 is applied addition, the results are obtained by solving a generalized
here with the following parameters: The dimensionless DVR eigenvalue problem, which features an overlap matrix that is
grid size is fmax = 5) and 80 basis functions per degree of positive definite. The Monte Carlo estimate of this matrix has
freedom are required to obtain the desired accuracy. We set arstatistical errors that may destroy this positivity property. With
upper limit (ceiling) of 1000 to the potential. Finally, the basis increasing projection time, these errors increase, and the
function parameters are as in ref 122= 3 b = 0. Thea projection process fails dramatically as soon as the computed
parameter has a nonzero value to ensure that the wave functioroverlap matrix develops negative eigenvalues. All of these
has a nonzero value when the configuration of the trimer is problems tend to produce residual variational bias, i.e., an
linear, and théo parameter is set to zero to impose bound-state overestimate of the energy of levels with slower convergence.
boundary conditions at large interparticle separations. Bound- We also included in Table 1 DVR results for different values
state energies and wave functions are calculated using theof rmaxin order to establish convergence. For all states bédow
symmetry-adapted Lanczos (SAL) approdgfAn advantage = 4, a grid size of 3 was sufficient to obtain accurate energies.
of the Pekeris coordinate syst&mfis the fact that all degrees  Results obtained with grid sizes of 5 and 6 are identical.
of freedom are equivalent and projection operators correspond- We present in Figure 2 one-dimensional reduced distribution
ing to permutation symmetry can be constructed in a straight- functions associated with the wave functions. These are obtained
forward fashion by simple exchange of degrees of freedom. by integrating the square of the wave function over all Pekeris
These coordinates do not suffer from the interdependent rangecoordinates except orié.We simply denote this remaining
problem associated with pair distance coordinaté&snally, the coordinate byr. We first note that for the ground state, the
use of Pekeris coordinates allows one to highlight the importance distribution function decays at aroune= 1, while it was shown
of linear configurations through the analysis of one- and two- in ref 12 that the corresponding distributions decayed at
dimensional distributions derived from the bound-state wave 0.6 andr = 0.8 for the argon and neon trimers, respectively.
functions. These qualities have proved useful in the study of This additional delocalization of the ground state is a clear
structural properties of weakly bound ptfrand mixed® boson indication of the increased floppiness of the half-neon trimer
trimers. We present in Figarl a schematic depiction of the in comparison to the argon and neon cases. The resulting
Pekeris coordinates for isosceles and near linear triangulardistribution functions will sometimes have a nonzero amplitude
configurations of a trimer. atr = 0, an indication that linear configuration are possible for

All “half-neon” trimer bound states with energies below the a given state. For the half-neon trimer, we see from Figure 2
dissociation thresholdE,o, are presented in Table 1. The that all states, except for the ground stdte=(0), are likely to
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Figure 2. One-dimensional reduced distributions for stdtes 0—4.
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Figure 3. Logarithmic plot of the one-dimensional reduced distribution
for the k = 4 state for two grid lengths 3 and 5.

have linear configurations. We consider linear configurations
to be important when the amplitude mt= 0 is of the same
order of magnitude as the amplitude at the maximum of the
distribution. We have indicated by an asterisk in Table 1 the
fact that staring with state = 1, linear configurations become
important according to the above definition. For sthte 4,

the distribution extends to larger valuesrofigure 3 contains

k=0

k=1
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a log plot of the one-dimensional reduced distribution function
for statek = 4 for two grids of length 3 and 5, respectively.

A closer look at the tail of the distribution function fer=
4 reveals that the wave function is truncated when a grid size
of 3 is used. This incorrect asymptotic behavior can be used to
explain why the energy for this shorter grid size is not as
negative as the one obtained for a grid size of 5. The agreement
between the CFMC and DVR results for= 4 is not as good
as in the case of the first four bound states. Maybe this is because
the energy of th&k = 4 state is so close to the dissociation
threshold. We finally show in Figure 4 two-dimensional reduced
distribution function¥ for the first five bound states and one
state with energy above the dissociation threshold.

This “ink blot” representation reveals the nodal structure of
the excited-state wave functions.

IIl. Conclusions and Outlook

We have shown that the CFMC and DVR methods can yield
energy level estimates of comparable accuracy. The “half-neon”
trimer was used as a benchmark system because it is more
weakly bound than the neon trimer for which the two methods
had previously been successfully compatetlve have also
demonstrated the ability of the CFMC method to calcukdte
theJ = 0 bound states up to the dissociation threshold. Such a
complete comparison of DVR and CFMC had not been
presented so far. On the basis of the DVR calculation, we
observed that the system contains contributions from linear
configurations for all the excited states as revealed by the
analysis of distribution functions. The DVR approach allows
the calculation of both energy levels and wave functions for
ground and excited states whereas the CFMC method have, as
far as we know, thus far been used for the calculation of excited
energies only. Generalization to the computation of expectation
values of operators that are diagonal in the position representa-
tion is straightforward in principle, but predicting the accuracy
of such an approach is a different matter altogether. The CFMC
method can however be applied to much larger problems since
it does not suffer from exponential scaling with number of
degrees of freedom in contradistiction to product basis methods.
This is because the underlying basis functions of the CFMC
method are highly correlated multidimensional functions gener-
ated by quantum Monte Carlo. Indeed, excited state energies
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Figure 4. Two-dimensional reduced distributions for the first five bound states and one state above the dissociation threshold.
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